We perform extended studies of an adaptive finite element method applied to the reconstruction of shapes of buried objects from experimental backscattering data. We use experimental data which are collected by a microwave scattering facility located at the University of North Carolina at Charlotte, USA. Our numerical tests show accurate imaging of three components of interest of targets: shapes, locations and refractive indices.
Introduction
In this paper we present extended studies of an adaptive finite element method which we use to improve reconstruction of shapes of buried objects in the dry sand from experimental time-dependent backscattering data. First part of this study was presented in [10] . Experimental data were collected using a microwave scattering facility located at the University of North Carolina at Charlotte, USA. For the description of data collection procedure we refer to recent works [8, 19] .
We consider a coefficient inverse problem (CIP) for Maxwell's equations in three dimensions. This paper is a continuation of our recent studies on this topic [8, 9, 19] , where we have reconstructed shapes, locations and refractive indices of targets placed in air. To solve our CIP we use the two-stage numerical procedure presented in [5] [6] [7] 9] : on the first stage the approximately globally convergent method of [5] is applied to get a good first approximation for the exact solution of our CIP, and on the second stage the local adaptive finite element method of [2] refines the solution obtained on the first stage using the minimization of a Tikhonov functional. It make sense to refine the solution obtained on the first stage since in [15] was shown that a minimizer of the Tikhonov functional is closer to the exact solution than the first guess for this solution. In [7] the relaxation property was shown for mesh refinements. It states that the solution obtained on the refined mesh will be closer to the minimizer of a Tikhonov functional than the solution obtained on the coarse mesh. Using results of [7, 15] we conclude that we can obtain better approximations and shapes of objects through the minimization of a Tikhonov functional on the adaptively refined meshes.
An outline of this paper is as follows. In sections 2, 3 we state the forward and inverse problems on the first and the second stage, respectively. In Section 4 we describe the mesh refinement recommendation and the adaptive algorithm. In Section 5 we present numerical studies of the adaptive finite element method.
Statement of Forward and Inverse Problems on the first stage
In this section we state the forward and inverse problems which we use on the first stage.
Let Ω ⊂ R 3 be a convex bounded domain with the boundary ∂ Ω ∈ C 3 , x = (x, y, z) ∈ R 3 and C k+α denote a Hölder space where k ≥ 0 is an integer and α ∈ (0, 1) . On the first stage we model the wave propagation by the following Cauchy problem for the scalar wave equation
Here f (t) ≡ 0 is the waveform incident plane wave generated at the plane {z = z 0 } and propagating along the z-axis. We consider the propagation of the electric wave E (x, t) = (E 1 , E 2 , E 3 ) (x, t) in R 3 generated by the incident plane wave. In our experiments only the single non-zero component E 2 of the incident electric field E (x, t) is excited while two other components are set to zero, and we measure the backscattering function E 2 , which is the voltage. On the first stage we use only the single equation (1) with u = E 2 instead of the full Maxwell's system. We do such approximation since it was shown numerically in [3] that the component E 2 of the electric field E dominates two other components. This observation is also confirmed by our experimental numerical studies -see Figure 1 .
in (1) is the relative dielectric constant, where ε(x) is the absolute dielectric permittivity of the material and ε 0 is the dielectric permittivity of vacuum. We assume that ε r is unknown inside the domain Ω ⊂ R 3 and this function is known outside of it,
where b > 1 is a known constant. In our experiments the plane wave f (t) is initialized outside of the domain Ω , that is, {z = z 0 } ∩ Ω = ∅.
Coefficient Inverse Problem 1 (CIP1).
Determine the function ε r (x) for x ∈ Ω with a known function g for a single incident plane wave generated at the plane {z = z 0 } outside of Ω :
Here, Γ ⊂ ∂ Ω is a backscattering part of the boundary ∂ Ω .
Remark 1.
• The data function g is extended numerically to a functiong on the whole boundary ∂ Ω , see Section 4 of [9] . Thus, we assume that g(x, t) is known for every (x, t) ∈ ∂ Ω × (0, T ).
• Global uniqueness theorems for multidimensional CIPs with a single measurement are currently known only under the assumption that at least one of initial conditions does not equal zero in the entire domain Ω [5, 12] . In the case of our CIP we simply assume that uniqueness of our CIP holds.
• To solve CIP1 of the first stage we use the globally convergent method of [5] .
Extended numerical studies of this method for the case of experimental backscattering data are presented in [8, 9, 18, 19] .
Statement of Forward and Inverse Problems on the second stage
On the second stage we model the electric wave propagation in an isotropic and nonmagnetic space in R 3 with the dimensionless relative magnetic permeability µ r = 1 and with the relative dielectric constant ε r (x). We consider the following Cauchy problem as the model problem for the electric field
Here
, is the incident plane wave. We assume that the coefficient ε r of equation (4) is the same as in (3) . Let again Γ ⊂ ∂ Ω be a backscattering part of the boundary ∂ Ω .
Coefficient Inverse Problem 2 (CIP2).
Determine the function ε r (x), x ∈ Ω , assuming that the following vector function g (x, t) = (g 1 , g 2 , g 3 ) (x, t) is known for a single incident plane wave:
In (5) the vector function g models time dependent measurements of the electric field at the part Γ of the boundary ∂ Ω of the domain Ω . As in the case of CIP1 we again assume that we have uniqueness for our CIP2.
The function E 2 in (4) models the voltage of one component of the electric field E (x, t) which we measure in experiments. In our computer simulations of Section 5.4, E 2 is the only non-zero component of the incident filed. The other two components, E 1 and E 3 , of electrical field are generated by the computed solution of problem (4) with the known value of ε r (x) ∈ Ω which we have obtained as the solution of CIP1 via the approximate globally convergent algorithm on the first stage. Then the experimental data g are immersed into the computed component E 2 on the surface Γ .
The model problem
In our simulations we choose computational domain G such that Ω ⊂ G and G = Ω FEM ∪ Ω FDM with Ω FEM = Ω . We use domain decomposition finite element/finite difference method of [3] for the solution of the problem (4), where a finite element method is used in Ω FEM and a finite difference method is used in Ω FDM .
By (3) we have that
We choose the domains Ω and G such that
Denote by
Let t ′ ∈ (0, T ) be a point in time after which the initialization of the plane wave at ∂ 1 G stops. We assume that the function
Similarly with [3] we used stabilized model problem with the parameter ξ ≥ 1:
where ∂ /∂ n is the normal derivative. Conditions (9) and (10) are first order absorbing boundary conditions [14] . At the lateral boundaries we impose a homogeneous Neumann condition (11) . In [3] it was shown that the solution to the original Maxwell's equations is well approximated by the solution to (6)- (11) in the case where ξ = 1 and the discontinuities in ε r are not too large. Here we have used the well-known identity
. We refer to [3] for details of the numerical solution of the forward problem (6)- (11).
The Tikhonov functional
Let Γ ′ be the extension of the backscattering side Γ up to the boundary ∂ 3 G of the domain G such that
Let G ′ be the part of the rectangular prism G which lies between the two planes Γ ′ and {z = −C}:
In our CIP2 we have the data g in (5) only on Γ . These data are complemented on the rest of the boundary ∂ G ′ of the domain G ′ by simulated data using the immersing procedure of [9] . Thus, we can approximately get the vector function g:
To solve our inverse problem we minimize the Tikhonov functional:
where γ > 0 is the (small) regularization parameter and ε r, glob is the computed coefficient which we have obtained on the first stage via the globally convergent method. In our computations we use single value of the regularization parameter γ which we choose in a computational efficient way such that the values of γ > 0 give the smallest reconstruction error. We refer to [1, 13] for different techniques for the choice of regularization parameter. In (13) the function z δ (t) is used to introduce the compatibility conditions at Q T ∩ {t = T } for the adjoint problem. The function z δ (t) satisfies
Let E glob be the solution of the forward problem (6)- (11) with ε r := ε r, glob . Denote by p = ∂ n E glob | S T . In addition to the Dirichlet condition (12), we set the Neumann boundary condition as
Introduce the following spaces of real valued vector functions
where B (G) is the space of functions bounded on G with the norm
To minimize the functional (13) we introduce the Lagrangian
where E and λ are weak solutions of problems (16)- (18) and (19)- (21), respectively, see details in [9] .
To derive the Fréchet derivative of the Lagrangian (14), we assume that in (14) the elements of the vector function (E, λ , ε r ) can be varied independently of each other. We search for a point w ∈ U 1 such that
To find the Fréchet derivative L ′ (w), we consider L (w + w)−L (w), for every w ∈ U 1 and single out the linear part of the obtained expression. Then the forward problem in the domain G ′ is given by
The adjoint problem is:
Mesh refinement recommendation and the adaptive algorithm
For the finite element discretization of Q T we used stabilized finite element method of [3] . To do that we define a partition K h = {K} of G ′ which consists of tetrahedra.
Here h is a mesh function defined as h| K = h K -the local diameter of the element K. Let J τ = {J} be a partition of the time interval (0, T ) into subintervals J = (t k−1 ,t k ] of uniform length τ = t k − t k−1 . We also assume the minimal angle condition on the K h [11] . In our computations we have used local adaptive mesh refinements algorithm which is based on ideas of [4] , Theorem 5.1 and the criterion of Remark 5.1 of [2] . From this criterion follows that the finite element mesh should be locally refined in such subdomain of Ω where the maximum norm of the Fréchet derivative of the objective functional is large. The Fréchet derivative of the functional (13) is:
Here, m is the number of iteration in the optimization procedure, and (E m h , λ m h , ε m h ) are finite element approximations of the functions (E, λ , ε r ), see details in [2, 3] . • Step 2. Update the coefficient on K h using the conjugate gradient method:
where α > 0 is a step-size in the conjugate gradient method and can be computed by a line search procedure, see, e.g. [17] , and 
Here the tolerance number β 1 ∈ (0, 1) is chosen by the user.
• Step 5. Construct a new mesh K h in Ω and a new partition J k of the time interval (0, T ). On J k the new time step τ should be chosen in such a way that the Courant-Friedrichs-Lewy (CFL) condition is satisfied. Interpolate the initial approximation ε r, glob from the previous mesh to the new mesh. Next, return to step 1 at m = 1 and perform all above steps on the new mesh. Stop mesh refinements if norms defined in step 3 either increase or stabilize, compared with the previous mesh.
Numerical studies
In this section we present results of reconstruction of shapes of buried objects placed inside a sandbox using the adaptive finite element method of Section 4. We obtain initial guesses in the Tikhonov functional (13) using the globally convergent algorithm on the first stage, see [9] for details and these initial guesses. For the experimental data collection scheme we refer to [8, 18, 19] . We note that in this work we consider the objects placed inside a sandbox. To model buried objects in dry sand we used the fact that the relative dielectric constant of dry sand is ε r (sand) = 4. Thus, in our computational studies of [10, 18] and of this work we scale our results of reconstruction by the factor 4. Tables 1 and 2 present results after scaling.
In our verification of the first stage we have used different types of targets, see Table 1 of [18] for the full description of all data sets. We are working with metallic objects as with dielectrics which have large dielectric constants, see [16, 18] for details, and we call them appearing dielectric constants. We choose values for appearing dielectric constants such that
To compare our computational results with directly measured refractive indices n = √ ε r of dielectric targets and appearing dielectric constants of metallic targets (see (23)), we consider only the maximal values of the computed functions ε r obtained on the first and second stages of our two-stage numerical procedure. Thus, we define ε
Data preprocessing
In this work we have used the same data preprocessing procedure as was used in [10, 19] . Below we present main steps of our data preprocessing procedure:
1. Data propagation. 2. Extraction of the target's signal from the total signal. The total signal is a mixture of the signal from the target and the signal from the sand. This extraction is applied to the propagated data. 3. Data calibration: to scale the measured data to the same scaling as in our simulations. This was done by using calibrating objects.
For data propagation we have propagated the measured data to a propagated plane. This plane was located at about 4 cm from the targets. A data calibration procedure was used to scale the measured data by a certain calibration factor obtained in our computational simulations. The choice of this factor depends on the data of a known calibrating object. The procedure of the extraction of the signal of the target from the total signal is complicated, and it is described in [18] .
Computational domains
The spatial domains in our experiments are set in meters. We choose our computational domain G as
The boundary of the domain
Here, ∂ 1 G and ∂ 2 G are front and back sides of the domain G at {z = 0.1} and {z = −0.16}, respectively, and ∂ 3 G is the union of left, right, top and bottom sides of this domain. For the solution of the state problem (16)- (18) and the adjoint problem (19)- (21) we have used the domain decomposition finite element/finite difference method of [3] . To do that the the domain G is split into two subdomains Ω FEM = Ω and Ω FDM so that G = Ω FEM ∪ Ω FDM and inner domain is defined as
The experimental data for both stages are given at the front side Γ of the domain Ω which is defined as Tables 1 and 2 describe the details of used data sets together with the burial depths of the targets. After obtaining computational results, the refractive indices of all dielectric targets were measured, and these measured refractive indices were compared to those predicted by the computations. We note that the burial depths of the objects of Tables 1 and 2 varied between 2 cm and 10 cm. Such depths are relevant for military applications where the burial depths of antipersonnel land mines typically do not exceed 10 cm. The measured data of the sandbox (without buried objects) was used for the calibration of all data for the objects of Tables 1 and 2 .
Description of experimental data sets

Numerical examples of the second stage
From results of [18, 19] we can conclude that the first stage provides accurate locations and accurate values of the refractive indices n = √ ε r of the dielectric targets as well as large values of appearing dielectric constants ε r for the metallic targets. However, the globally convergent algorithm does not reconstruct shapes well, see Figure 4 in [10] . To refine shapes, we have used the second stage, on which we have minimized the Tikhonov functional on locally adaptively refined meshes. Our experimental backscattering data at the second stage are given only for the second component E 2 of the electric field E in (5) and are measured on the front side Γ of the domain Ω defined as in (27). For generation of other two components E 1 and E 3 we solve the forward problem (6)- (11) in the computational domain G defined as in the first stage in (25) with the known value of ε r which we take from the first stage of our two-stage numerical procedure. Then we apply the data immersing procedure described in Section 7.3.3 of [9] to solve the inverse problem via the algorithm of Section 4. The immersing procedure of [9] first immerses the time-dependent propagated experimental data g (x, t) = E 2 (x, t)| x∈Γ into the computationally simulated data and then extends the data g from Γ to Γ ′ .
We choose the waveform f in (6)- (11) as
where we use ω = 30 and T = 1.2. We solve the problem (6)- (11) using the explicit scheme of [3] with the time step size τ = 0.003, which satisfies the CFL condition.
We obtain the image of the dielectric targets based on the function ε r, diel , which we define as
For metallic targets we use a similar function ε r, metal , ε r, metal (x) = ε r (x) if ε r (x) ≥ β metal max x∈Ω ε r (x) , 1 otherwise.
Here, β deil , β metal ∈ (0, 1) and ε r is the function computed by the algorithm of Section 4. In general, β deil and β metal may be different, but in this study we have β deil = β metal = 0.5. Tables 1 and 2 display computed and directly measured refractive indices of dielectric objects as well as appearing dielectric constants for metallic objects, respectively, their correct and calculated burial depths obtained on the first stage. On the second stage we have obtained refractive indices of dielectric targets and appearing dielectric constants of metallic targets very close to ones of the first stage, see Table 3 . 1 Backscattering simulated data of the electric field E(x,t) = (E 1 , E 2 , E 3 )(x,t) of the electric field at time t = 0.3: a) for Object #1 of Table 2 ; b) for Object #3 of Table 1 . We observe that the component E 2 of the electric field E dominates by amplitude two other components E 1 , E 3 which are located very close to each other and are not distinguishable on this figure. Figure 1 shows simulated backscattering data for all three components of the electric field E(x,t) for Object #1 of Table 2 and Object #3 of Table 1 , respectively. To simulate these data we solve the problem (6)- (11) numerically with the known values of the function ε r = ε r, glob obtained at the first stage. We observe that the component E 2 of the electric field E dominates by amplitude two other components E 1 , E 3 for both objects. Figures 2, 3 show backscattering immersed data of the second component of electric field E 2 for Object #1 of Table 2 (metallic ball) and for Object #3 of Table 1 (ceramic mug) , respectively, at different times.
Figures 4-7 show adaptively refined meshes and obtained reconstructions on these meshes for Objects #1, #2, #5, and #6, respectively. The results for adaptively refined meshes for all objects of Tables 1 and 2 are summarized in Table 3 . Using Table 3 we observe that local refinement of the mesh does not have a significant increase in the number of nodes and elements in the coarse finite element grid. This fact indicates towards efficiency of the application of adaptive algorithm to the solution of our CIP. Using Figures 4-7 and results of Table 3 we can conclude that the locations as well as the shapes of most targets are significantly improved on the second stage of our two-stage numerical procedure. Table 2 Results of the first stage: descriptions, burial depths, and estimated effective dielectric constants of metallic targets. Object #4 consists of two metallic targets with 1 cm distance between their surfaces (a case of superresolution, see details in [10] ). Object #7 and Object #8 consist of the same two metallic targets, but at different depths. Errors are computed relative to the exact value. Numbers for objects are chosen to be consistent with those of [10] . Table 2 , without presence of signal from sand. Recall that the final time is T = 1.2. Table 1 and respective reconstructions.
